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The aim of this note is to show that the (well-known) factorization of the 2n11th
cyclotomic polynomial x2
n
1 1 over GF(q) with q ; 1 (mod 4) can be used to prove
the (more complicated) factorization of this polynomial over GF(q) with q ; 3
(mod 4).  1996 Academic Press, Inc.
The complete factorization of x2
n
1 1 over GF(q) with q ; 3 (mod 4)
is given in the following theorem where reference is made to the Dickson
polynomials Ds(x, a). (For their definition see [4, Chapter 7 on permutation
polynomials]. For a proof of (b) see [4, Theorem 3.76].)
THEOREM 1. Let q ; 3 (mod 4), i.e., q 5 2Am 2 1, A $ 2, m odd. Let
n $ 2
(a) If n , A, then x2
n
1 1 is the product of 2n21 irreducible trinomials
over GF(q)
x2
n
1 1 5 p
c[G
(x2 1 cx 1 1),
where G is the set of all roots of D2n21 (x, 1).
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(b) If n $ A, then x2
n
1 1 is the product of 2A21 irreducible trinomials
over GF(q)
x2
n
1 1 5 p
d[D
(x2
n2A11
1 dx2
n2A
2 1),
where D is the set of all roots of D2A21 (x, 21).
Proof. The idea is to multiply pairs of conjugate factors over GF(q2)
in order to obtain the irreducible factors over GF(q) ! (cf. also Introduction
of [1]). First, note that q2 2 1 5 2A11 · m9, m9 odd. We denote by Uk the
set of all primitive 2kth roots of unity.
By combining Theorems 2.47 and 3.75 in [4] we find for the factorization
of x2
n
1 1 over GF(q2) the following:
● If n # A, then ord2n11 (q2) 5 1 and x2
n
1 1 is the product of 2n irreducible
linear factors over GF(q2):
x2
n
1 1 5 p
u[Un11
(x 1 u).
● If n $ A 1 1, then ord2n11(q2) 5 2n2A and x2
n
1 1 is the product of 2A
irreducible binomials over GF(q2) of degree 2n2A:
x2
n
1 1 5 p
u[UA11
(x2
n2A
1 u).
Due to q ; 3 (mod 4), the coefficients u in these factorizations are not
contained in GF(q), i.e., uq ? u.
If we multiply two conjugate factors x2
k
1 u and x2
k
1 uq we get the tri-
nomial
(x2
k
1 u) · (x2
k
1 uq) 5 x2
k11
1 (u 1 uq)x2
k
1 uq11. (1)
Obviously, ord2n11(q) 5 2 · ord2n11(q2), so that these trinomials are irreduc-
ible over GF(q).
● For n , A we have uq11 5 1, because ord(u) # 2A. So, uq 5 1/u and
the trinomial in (1) is (k 5 0)
x2 1 (u 1 1/u)x 1 1.
● For n $ A we have uq11 5 21, because u is a primitive 2A11th root of
unity. So, uq 5 21/u and the trinomial in (1) is (k 5 n 2 A)
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x2
n2A11
1 (u 2 1/u)x2
n2A
2 1.
Now remember the fundamental relation for the Dickson polynomials
Ds Sx 1 ax , aD5 xs 1 asxs
[4, Eq. (7.8)], which gives for s 5 2n21 and a 5 61
x2
n21
D2n21(x 6 1/x, 61) 5 x2
n
1 1. (2)
So, we summarize as follows:
● For n , A : if u is a primitive 2n11th root of unity then u 1 1/u is a
root of the 2n21th Dickson polynomial with parameter 1.
● For n $ A : if u is a primitive 2A11th root of unity then u 2 1/u is a
root of the 2A21th Dickson polynomial with parameter 21.
We have proved the theorem. n
The well-known general substitution property [4, Eq. (7.10)]
D2k11(x, c) 5 D2k(x2 2 2c, c2)
of the Dickson polynomials specializes for c [ h61j to
D2k11(x, 1) 5 D2k(x2 2 2, 1), D2k11(x, 21) 5 D2k(x2 1 2, 1).
These relations mean that
if c is a root of D2k11(x, 1) then c2 2 2 is a root of D2k(x, 1),
and
if d is a root of D2k11(x, 21) then d 2 1 2 is a root of D2k(x, 1).
By reversing the direction, i.e., by taking square roots to go from level k
to level k 1 1, which is effected by the exponentiation by (p 1 1)/4, we
get as a corollary the main result in [1]
COROLLARY 1 [1, Theorem 1]. Let H1 5 h0j. Recursively define
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Hk 5 H6 Su 1 12 D(p11)/4 : u [ Hk21J
for k 5 2, 3, . . . , A 2 1 and
HA 5 H6 Su 2 12 D(p11)/4 : u [ HA21J.
Then, for 1 # k # A 2 1, Hk has a cardinality 2k21,
x2
k
1 1 5 p
u[Hk
(x2 2 2ux 1 1)
and for any integer e $ 0,
x2
A1e
1 1 5 p
u[HA
(x2
e11
2 2ux2
e
2 1).
All the factors in the above products are irreducible over GF(p).
Note. Due to the simple relation 2 · Ï(u 6 1)/2 5 Ï(2 · u) 6 2 the roots
of the Dickson polynomials are halved in the above setting. Also,
Theorem 2 in [3] is an immediate consequence of Eq. (2).
Remark. The relation (2) can be interpreted as follows: the reciprocal
transformation applied to the 2n21th Dickson polynomial with parameter
61 leads to the 2n11th cyclotomic polynomial. See the last chapter in [6]
for a generalization of this. Also of interest in this context is [2].
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